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a b s t r a c t
The main purpose of this paper is to establish a generalization of discrete inequalities of
the Ostrowski and Grüss type involving two functions. The analysis used in the proofs is
fairly elementary.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Let f : [a, b] → R be continuous on [a, b] and differentiable on (a, b), with a derivative f ′ : (a, b)→ R that is bounded
on (a, b), i.e. |f ′(x)| ≤ M < ∞ for all x ∈ [a, b]. Then the following inequality, which is well known in the literature as















whereM is a constant.
In 1935, Grüss proved the following inequality (see [2, P.296]).
Let f , g : [a, b] → R be two integrable functions such thatα ≤ f (x) ≤ Ψ and γ ≤ g(x) ≤ Γ for all x ∈ [a, b], α, γ ,Ψ ,Γ
















 ≤ 14 (Ψ − α)(Γ − γ ).
For several recent results concerning these kinds of inequalities, see [3–9,2,1,10–15].
In what follows, R and N denote the sets of real numbers and natural numbers and Na,b = {a, a+ 1, . . . , a+ n = b} for
a ∈ R, n ∈ N. For any function u(n), n ∈ Na,b, we define the operator ∆ by 1u(n) = u(n + 1) − u(n). We use the usual
convention that the empty sum is taken to be zero.
In [11], Pachpatte established the following Ostrowski and Gr üss type discrete inequalities.
Theorem 1. Let f (n), g(n) be real-valued functions defined on Na,b for which1f (n),1g(n) exist and |1f (n)| ≤ A, |1g(n)| ≤









 ≤ 12(b− a) [A|g(n)| + B|f (n)|]H(n), (1.1)
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 ≤ Ab− aH(n),








s− a if s ∈ [a, n− 1]
s− b if s ∈ [n, b],
for all n, s ∈ Na,b where A, B are nonnegative constants.





































































where H(n) is defined by (1.2).
The main purpose of this note is to establish a generalization of the inequalities (1.1), (1.3) and (1.4) using elementary
analysis.
2. The main results
In order to prove the main results we need the following lemma:
Lemma 1. Let f (n) be real-valued function defined on Na,b for which1f (n) exists; then we have the following identity:

























, s ∈ [n, b],
for all n, s ∈ Na,b and λ ∈ [0, 1].
Proof. Using the summation by parts formula, i.e.
β−1−
s=α
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where α, β ∈ Na,b and u(s), v(s) are real-valued functions defined on Na,b, we obtain
b−1
s=a

















n− a− λb− a
2


















= λ(b− a) f (a)+ f (b)
2




for n ∈ Na,b.
Multiplying both sides of the above equality by 1b−a , we get the required identity. 
Theorem 3. Let f (n) and g(n) be real-valued functions defined on Na,b for which 1f (n), 1g(n) exist and |1f (n)| ≤
A, |1g(n)| ≤ B on Na,b and λ ∈ [0, 1]. Then:
(a) (1− λ)f (n)g(n)+ λ2
[


















2(b− a) [A|g(n)| + B|f (n)|]H(n), (2.1)









































[A|g(n)| + B|f (n)|]H(n), (2.2)
(c)  (1− λ)2b− a
b−1
n=a
































































for all n, s ∈ Na,b where A, B are nonnegative constants.
Proof. From Lemma 1, we have










r(n, s)1f (s) (2.4)
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and











Multiplying (2.4) by g(n) and (2.5) by f (n), n ∈ Na,b, adding the resulting identities and rewriting, we have
(1− λ)f (n)g(n)+ λ
2
[





























From (2.6) and using the properties of the modulus, we get(1− λ)f (n)g(n)+ λ2
[


































2(b− a) [A|g(n)| + B|f (n)|]H(n)
which is the required inequality of (2.1).

















































































































[A|g(n)| + B|f (n)|]H(n)
which proves the inequality of (2.2).
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Finally, rewriting (2.4) and (2.5) we get




















r(n, s)1g(s)− λg(a)+ g(b)
2
. (2.8)
Multiplying the left sides and right sides of (2.7) and (2.8) we get
(1− λ)2f (n)g(n)− (1− λ)
(b− a) f (n)
b−1
s=a































































































































From (2.10) and following the proof of inequality (2.2), with suitable changes we get the required inequality in (2.3). The
proof is completed. 
Corollary 1. Under the assumptions of Theorem 3 and with λ = 12 , we have:
(a)  f (n)g(n)2 + 14
[


















2(b− a) [A|g(n)| + B|f (n)|]H(n), (2.11)









































[A|g(n)| + B|f (n)|]H(n), (2.12)
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for all n, s ∈ Na,b where A, B are nonnegative constants.
Proof. In the inequalities of (2.1)–(2.3), if we choose λ = 12 , the inequalities of (2.11)–(2.13) are obtained, respectively. 
Corollary 2. Under the assumptions of Theorem 3 and with λ = 1, we have:
(a) 
[


















2(b− a) [A|g(n)| + B|f (n)|]H(n), (2.14)
(b)  12(b− a)




































[A|g(n)| + B|f (n)|]H(n), (2.15)









































for all n, s ∈ Na,b where A, B are nonnegative constants.
Proof. In the inequalities of (2.1)–(2.3), if we choose λ = 1, the inequalities of (2.14)–(2.16) are obtained, respectively. 
Remark 1. In the inequalities of (2.1)–(2.3), if we choose λ = 0, we obtain the inequalities of (1.1), (1.3) and (1.4),
respectively.
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